Constraining chameleon models with cosmology by Lombriser, Lucas
ar
X
iv
:1
40
3.
42
68
v2
  [
as
tro
-p
h.C
O]
  4
 Ja
n 2
01
5
Constraining chameleon models with cosmology
Lucas Lombriser1
1Institute for Astronomy, University of Edinburgh,
Royal Observatory, Blackford Hill, Edinburgh, EH9 3HJ, U.K.
(Dated: June 4, 2018)
Chameleon fields may modify gravity on cluster scales while recovering general relativity locally.
This article reviews signatures of chameleon modifications in the nonlinear cosmological structure,
comparing different techniques to model them, summarising the current state of observational con-
straints, and concluding with an outlook on prospective constraints from future observations and
applications of the analytic tools developed in the process to more general scalar-tensor theories.
Particular focus is given to the Hu-Sawicki and designer models of f(R) gravity.
I. INTRODUCTION
Attempts to unify general relativity with the standard
model interactions typically introduce an effective scalar
field in the low-energy limit in addition to the gravita-
tional tensor field. This fifth element may couple mini-
mally or nonminimally to the matter fields and can act
as an alternative to the cosmological constant as expla-
nation for the observed late-time acceleration of our Uni-
verse. A fifth force originating from the nonminimal cou-
pling consequently modifies the gravitational interactions
between the matter fields. Local observations place tight
constraints on the existence of a fifth force [1]. However,
these constraints are alleviated for scalar field potentials
that yield a scalar field inversely dependent on curva-
ture such as is realised in chameleon models [2–6]. In
this case, the extra force is suppressed in high-density
regions like the Solar System but at the cost of returning
cosmic acceleration to be driven by the contribution of a
dark energy component or a cosmological constant rather
than originating from a fundamental modified gravity ef-
fect of the model [7]. Meanwhile, gravitational forces re-
main enhanced at low curvature and below the Compton
wavelength of the scalar field, causing an increase in the
growth of structure and rendering nonlinear cosmological
structures a vital regime for testing gravity.
This article reviews the signatures of chameleon fields
in the cosmological small-scale structure, summarising
different techniques to model the formation of these
structures and current constraints on the chameleon
field amplitude and coupling strength from observations.
Thereby, scalar-tensor models are considered that have
a constant Brans-Dicke parameter ω, match the ΛCDM
background expansion history, and exhibit a chameleon
suppression mechanism of the enhanced gravitational
force in high-density regions. A special emphasis is given
to the Hu-Sawicki [8] and designer [9] f(R) models [10–
15], to which the scalar-tensor model can be reduced in
the case of ω = 0. These models have been particu-
larly well studied with constraints from current and ex-
pected from future observations reported, for instance,
in Refs. [8, 9, 16–81]. The currently strongest bounds
on the chameleon modifications are inferred from com-
paring nearby distance measurements in a sample of un-
screened dwarf galaxies [50] as well as from the transition
of the scalar field required in the galactic halo to interpo-
late between the high curvature regime of the Solar Sys-
tem, where the chameleon mechanism suppresses force
modifications, and the low curvature of the large-scale
structure, where gravity is modified [8, 75]. Cosmolog-
ical observables such as cluster profiles [46] and abun-
dance [29, 32, 38], galaxy power spectra [79], redshift-
space distortions [33, 54], or the combination of gas and
weak lensing measurements of a cluster [77] can be used
to place independent and strong bounds on the gravita-
tional modifications.
Local and astrophysical probes yield constraints that
are 2-3 orders of magnitude stronger than what is inferred
from cosmological observations. It is worth emphasising,
however, that they test the coupling of the scalar field to
baryons, whereas cosmological probes typically rely on a
coupling of the scalar field to dark matter only, except for
the constraints inferred using the cluster gas in Ref. [77].
The separation of coupling strengths between the differ-
ent matter components can be made explicit in the Ein-
stein frame, in which case cosmological constraints can
be regarded as independent of the local and astrophys-
ical bounds. Furthermore, dark chameleon fields that
only couple to dark matter may alleviate problems aris-
ing through quantum particle production [82, 83] due to
high-energy fluctuations in the early universe or large
quantum corrections to the scalar field potential in lab-
oratory environments [84].
Hence, cosmological scales remain an interesting
regime for constraining potential scalar field contribu-
tions. The chameleon mechanism is a nonlinear effect,
however, that complicates the description of the cos-
mological small-scale structure. N -body simulations of
chameleon models provide an essential tool for study-
ing the nonlinear regime of structure formation and
the suppression of gravitational modifications [85–92].
These simulations are, however, computationally consid-
erably more expensive than in the Newtonian scenario.
Hence, for the comparison of theory to observations, al-
lowing a full exploration of the cosmological parameter
space involved, the development of more efficient mod-
elling techniques for the cosmological small-scale struc-
ture is a necessity. Different approaches have been pro-
2posed based on phenomenological frameworks and fitting
functions to simulations [93–96], analytical and numer-
ical approximations [48, 77, 97–99], the spherical col-
lapse model [75, 100–103], excursion set theory [102–
106], the halo model [46, 75, 100], and perturbation the-
ory [107, 108]. These different methods shall be sum-
marised and compared here.
Sec. II reviews chameleon gravity in the context of
more general scalar-tensor theories and discusses the Hu-
Sawicki and designer f(R) models. Sec. III is devoted to
the formation of large-scale structure in chameleon mod-
els and its description using linear cosmological perturba-
tion theory in the quasistatic limit, dark matter N -body
simulations, and the spherical collapse model. It fur-
thermore discusses different modelling techniques for the
matter power spectrum and the properties of chameleon
clusters such as the halo mass function and linear halo
bias as well as the cluster profiles of the matter density,
scalar field, and dynamical mass. In Sec. IV, current con-
straints on chameleon models, in specific on f(R) grav-
ity and from cosmological observations, are summarised.
Finally, Sec. V provides an outlook and discussion of
prospective constraints from future observations and ap-
plications of the modelling techniques developed for the
chameleon modifications to more general scalar-tensor
theories, before Sec. VI concludes the review.
II. CHAMELEON MODELS
The modified gravity models studied here are best
viewed as a special limit of the more general scalar-tensor
theory defined by the Horndeski extension [109, 110] to
the Einstein-Hilbert action
S =
1
2κ2
∫
d4x
√−g
{
G2(ϕ,X)−G3(ϕ,X)ϕ
+G4(ϕ,X)R+
∂G4
∂X
[
(ϕ)2 − (∇µ∇νϕ)2
]
+G5(ϕ,X)Gµν∇µ∇νϕ
−1
6
∂G5
∂X
[
(ϕ)3 − 3ϕ(∇µ∇νϕ)2 + 2(∇µ∇νϕ)3
]}
+Sm [ψm; gµν ] , (1)
where X ≡ − 12 (∂µϕ)2, R is the Ricci scalar, Gµν is the
Einstein tensor, Sm is the matter action with matter
fields ψm, κ
2 ≡ 8piG with the bare gravitational coupling
G, and natural units are assumed here and throughout
the article. The scalar field ϕ is coupled to the metric
gµν via the covariant derivatives, R, and Gµν . Eq. (1) de-
fines the most general scalar-tensor theory for which the
Euler-Lagrange equations involve at most second order
derivatives of the fields. Hereby, G2−5 are free functions
of ϕ and X .
In the following, we specialise to a subclass of the Horn-
deski action, the Jordan-Brans-Dicke models, which are
embedded in Eq. (1) via the definitions
G2(ϕ,X) ≡ −2
[
U(ϕ)− ω(ϕ)
ϕ
X
]
,
G3(ϕ,X) ≡ G5(ϕ,X) ≡ 0,
G4(ϕ,X) ≡ ϕ, (2)
where U(ϕ) is the scalar field potential and ω(ϕ) is the
Brans-Dicke parameter determining the kinetic coupling,
assumed to be constant in the following with ω > −3/2
to evade ghost fields. Note that Eq. (1) also embeds, for
instance, the Galileon models [111], which can be rep-
resented by the G2−5 terms, and the symmetron mod-
els [112], which can be represented by appropriate choices
of ω(ϕ) and U(ϕ).
The Jordan frame action defined by Eqs. (1) and (2)
can be recast in the Einstein frame using the transforma-
tions
g˜µν ≡ ϕgµν , (3)(
dφ
dϕ
)2
≡ 1
2κ2
3 + 2ω
ϕ2
, (4)
A(φ) ≡ ϕ−1/2, (5)
V (φ) ≡ U(ϕ)
κ2ϕ2
, (6)
such that
S =
∫
d4x
√
−g˜
[
R˜
2κ2
− 1
2
∂µφ∂µφ− V (φ)
]
+Sm
[
ψm;A
2(φ)g˜µν
]
, (7)
where here and throughout the article, tildes denote
quantities in the Einstein frame.
It is worth emphasising that if considering the Einstein
frame action Eq. (7) to be the fundamental action defin-
ing the chameleon model, the fifth element may not be
restricted to couple to the different matter components
with the same coupling strength, for instance, discrimi-
nating between the baryonic components (b) and the cold
dark matter (c). In this case, the matter action in Eq. (7)
is replaced by Sm
[
ψm;A
2(φ)g˜µν
]→ Sb+c with
Sb+c = Sb
[
ψb;A
2
b(φ)g˜µν
]
+ Sc
[
ψc;A
2
c(φ)g˜µν
]
, (8)
where one can define the coupling strengths βi to the dif-
ferent matter components as Ab(φ) = exp(βb κφ) and
Ac(φ) = exp(βc κφ). This underlines the importance
of cosmological tests of scalar field couplings as comple-
ment to the local tests. For instance, in the scenario in
which βb = 0, the scalar field is minimally coupled to
the baryons and Solar System or astrophysical tests as
in Refs. [8, 50, 75] do not constrain βc = β, whereas the
model can still be constrained using cosmological obser-
vations which test the distribution of the cold dark mat-
ter. This review restricts to models in which the coupling
strengths to the different matter components are assumed
3equal, corresponding to βb = βc = β with constant β and
β κφ≪ 1.
The Einstein frame and Jordan frame scalar fields are
related by the integration of Eq. (4),
φ =
1
κ
√
3 + 2ω
2
lnϕ+ φ0, (9)
where in the following φ0 = 0. Variation of the action
Eq. (7) with respect to φ yields the scalar field equation
˜φ =
κ√
6 + 4ω
T˜ + V ′(φ) ≡ V ′eff(φ), (10)
where Veff(φ) is an effective potential governing the dy-
namics of φ and the energy-momentum tensor is given by
T˜ = A(φ)4T . For a scalar field with ϕ ≃ 1 minimising
the effective potential, V ′eff(φ) = 0, Eq. (10) becomes
d
dϕ
U(ϕ) ≃ 1
2
(κ2ρm + 4U) ≃ R˜
2
≃ R
2
, (11)
assuming dominance of the matter energy density ρm and
further requiring (κ2ρm + 4U)≫ (3 + 2ω)(∂µϕ)2/2.
A. Chameleon mechanism
With the appropriate choice of U(ϕ), the model speci-
fied by Eqs. (1) and (2) produces cosmic acceleration and
introduces a modification of gravity, which can be sup-
pressed in high-density regions in order to satisfy Solar
System constraints. These demands on U(ϕ) can be sat-
isfied with the ansatz U = Λ + Uα(1 − ϕ)α, where α is
a positive constant such that in the limit of ϕ = 1, the
model reduces to ΛCDM. Hereby, Λ may be viewed as an
effective cosmological constant, valid as description in the
limit of large enough curvature of a more general U(ϕ),
as is the case in the Hu-Sawicki f(R) models discussed
in Sec. II B. On the other hand, chameleon models with
equivalent coupling to the different matter fields cannot
accommodate cosmic acceleration as a genuine modified
gravity effect while simultaneously satisfying Solar Sys-
tem constraints [7]. Self-acceleration should be intro-
duced as a consequence of the transformation Eq. (3)
from a non-accelerating expansion in Einstein frame to
the Jordan frame, which is not the case here and cosmic
acceleration is driven by a cosmological constant as in our
ansatz for U(ϕ) or a dark energy contribution as, for in-
stance, in the designer f(R) model discussed in Sec. II B.
With κ ρm ≫ −
√
6 + 4ω∇˜2φ in high-density regions,
assuming the quasistatic limit, the scalar field is in the
minimum of the effective potential Veff(φ) in Eq. (10),
and hence, Uϕ ≃ R/2 as in Eq. (11), which requires α 6=
1. Thus, in this case, and with the effective potential also
minimised in the background when |ωjϕ¯(i)| ≪ 1 with
j = 0, 1 and derivatives i = 1, 2 [75], the corresponding
scalar field and its potential become
ϕ ≃ 1 + (ϕ¯0 − 1)
(
R¯0
R
)1/(1−α)
, (12)
U(ϕ) ≃ Λ − R¯0
2α
(1− ϕ)α
(1− ϕ¯0)α−1 , (13)
where subscripts of zero and overbars denote quantities
evaluated at present time, a ≡ 1, and in the background,
respectively, here and throughout this review. Thus, in
the high-curvature regime, R≫ R¯0, for α < 1, the scalar
field is suppressed, (ϕ− 1) ≃ 2κ/√6 + 4ω φ ≃ 0 and con-
sequently, accordingly the gravitational modifications. In
order to have domination of the cosmological constant in
the background, U¯ ≃ Λ, and hence, reproduce a ΛCDM
expansion history with ∆H2 ∼ O(1− ϕ¯), one further re-
quires α≫ |ϕ¯0−1| and |ωj||1− ϕ¯0| ≪ (1−α)2 such that
|ωjϕ(i)| ≪ 1 [75].
Local constraints can be estimated by requiring that
the Milky Way halo is screened within 8 kpc, where the
Solar System is approximately located, yielding [75]
|ϕ¯0 − 1| . 5
6 + 4ω
× 10−6 (14)
with very weak dependence on α, which, however, is con-
strained by the requirement that U¯0 ≈ Λ, implying that
α≫ 10−5(6 + 4ω)−1.
Whereas the chameleon screening mechanism relies on
the scalar field mass becoming large in high-density re-
gions, requiring the chameleon model to be valid as an
effective field theory with one-loop quantum corrections
to V (φ) not exceeding the classical scalar field poten-
tial, places an upper bound on the mass of the field of
the order of O(10−2) eV within a laboratory environ-
ment [84]. The corresponding minimal scalar field mass
set by the Solar System constraint in Eq. (14), however,
is & O(1 − 10) eV. Hence, the effective field theory in-
terpretation of the models considered in Eq. (13) is not
quantum-stable on these scales. On the other hand, the
classical chameleon models of Eq. (13) have no effect in
Eo¨t-Wash type laboratory experiments [113].
Besides the Solar System bounds, chameleon models
can also be tightly constrained by astrophysical and cos-
mological probes. Hereby, it is important to note that
in addition to the suppression of modifications in high-
density regions due to the chameleon mechanism, on
scales larger than the background Compton wavelength
today,
m¯−10 ∼
√
3 + 2ω
1− α
1− ϕ¯0
10−6
Mpc (15)
(see Sec. III A), extra forces become Yukawa suppressed.
Thus, with the local constraints in Eq. (14), this implies
that m¯−10 . (1 − α)−1/2 Mpc and that modified gravity
effects are limited to nonlinear cosmological structures
(cf. [7]).
Among the strongest constraints on ϕ¯0 are the bounds
that can be inferred from astrophysical observations such
4as from analysing different distance indicators in un-
screened dwarf galaxies [50] or cosmological tests such as
from the comparison of gas to weak lensing measurements
in the Coma cluster [77]. Fig. 1 summarises and com-
pares these constraints from the different astronomical
regimes, including the local bounds in Eq. (14), as func-
tion of the coupling strength ω and present background
field amplitude ϕ¯0. The corresponding constraints in the
limit of f(R) gravity (see Sec. II B) are indicated by the
vertical dotted line. Note that these results depend on
the requirement that βb = βc and do not apply to scenar-
ios where βb = 0, in which case, however, modifications
can, for instance, be constrained through signatures in
the observed cluster abundance [29, 32, 38, 46].
B. f(R) gravity
In f(R) gravity, the Einstein-Hilbert action is sup-
plemented with a free nonlinear function of the Ricci
scalar, replacing R → R + f(R) in the Lagrangian den-
sity [10–15]. This modification can be embedded in the
the Jordan-Brans-Dicke subclass of the Horndeski action
defined by Eqs. (1) and (2) with ω ≡ 0, ϕ ≡ 1+df/dR ≡
1+ fR, and scalar field potential U ≡ (RfR− f)/2. Two
particularly well studied classes of f(R) models are the
Hu-Sawicki and designer forms.
The Hu-Sawicki model [8] is described by the func-
tional form
f(R) = −H2m0
c1
(
R/H2m0
)n
c2 (R/H2m0)
n
+ 1
(16)
with H2m0 ≡ κ2 ρ¯m0/3. The parameters c1, c2, and n
are the degrees of freedom of the model, which can be
set in order to match the ΛCDM background expansion
history and satisfy Solar System constraints through the
chameleon suppression mechanism. For sufficiently large
curvature, c
1/n
2 R≫ H2m0, Eq. (16) simplifies to
f(R) = −c1
c2
H2m0 −
fR0
n
R¯n+10
Rn
(17)
with fR0 ≡ fR(R¯0). Requiring equivalence with ΛCDM
when |fR0| → 0 furthermore sets
c1
c2
H2m0 = 2κ
2 ρ¯Λ. (18)
Note that the scalar-tensor model defined by the combi-
nation of Eqs. (1) and (2) with the scalar field potential
Eq. (13) reduces to the Hu-Sawicki f(R) gravity model,
Eq. (17), in the limit of ω = 0, where α = n/(n + 1).
The corresponding normalised scalaron field fR/fR0 is
shown as a function of R/R¯0 for different values of α in
Fig. 1. The scalar field mass in the background evaluated
today m¯0 can be related to |fR0| following Eq. (25) with
m¯20 ≃ 10−7(4− 3Ωm)(1 − α)|fR0|−1h2 Mpc−2.
Another well studied class of f(R) models are the de-
signer models [9, 114–117]. In this case, f(R) is recon-
structed from a predefined background expansion his-
tory, which here, shall be given by the matter-dominated
ΛCDM Hubble parameter H2 = κ2(ρ¯m + ρ¯Λ)/3. Us-
ing this requirement in the Friedmann equations of f(R)
gravity yields an inhomogeneous second-order differential
equation for f(R),
f ′′ −
[
1 +
H ′′
H
+
R¯′′
R¯′
]
f ′ +
R¯′
6H2
f = −H20 (1− Ωm)
R¯′
H2
,
(19)
where if not otherwise specified, primes denote deriva-
tives with respect to ln a here and throughout the arti-
cle. Eq. (19) can be solved numerically with the initial
conditions
f(ln ai) = AH
2
0a
p
i − 6H20 (1− Ωm), (20)
f ′(ln ai) = pAH
2
0a
p
i , (21)
where p = (−7 + √73)/4, set at an initial time ai ≪ 1
in the matter-dominated regime. Hereby, the amplitude
of the decaying mode is set to zero to prevent violations
of high-curvature constraints. The initial growing mode
amplitude A then characterises a particular solution in
the set of functions f(R) that exactly recover a ΛCDM
background expansion history. Rather than characteris-
ing the solutions by an initial condition A at an arbitrary
redshift, they can be defined by fR0 as in the Hu-Sawicki
model or by the Compton wavelength parameter [9]
B =
fRR(R¯)
1 + fR(R¯)
R¯′
H
H ′
(22)
at its present value B0 ≡ B(a = 1).
Fig. 1 compares the normalised scalaron field fR/fR0
of the designer model, using the cosmological parameters
defined in Sec. III B, with the normalised scalaron field
of the Hu-Sawicki model. From Fig. 1 it is clear that al-
though both models reproduce the ΛCDM background,
one exactly, the other one approximately, the scalar fields
do not match beyond R¯0 and the modifications of grav-
ity are similar but not equivalent. The designer model
cannot be described by the Hu-Sawicki model using a
constant value of α. Note that in the limit of B0 = 0 or
equivalently fR0 = 0, both the designer and Hu-Sawicki
f(R) scenarios reduce to the ΛCDM model, i.e., includ-
ing the perturbations to the background.
III. CHAMELEON COSMOLOGY
Whereas the chameleon models discussed in Sec. II
match the ΛCDM background expansion history and re-
cover general relativity in the Solar System, the cos-
mological structure on scales of a few megaparsecs and
less remains modified. Importantly, this restriction of
gravitational modifications to small-scale cosmology is
inferred from the local bounds on the coupling of the
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FIG. 1. Left panel: Local [75], astrophysical [50], and cosmological [77] constraints on the present amplitude of the background
chameleon field ϕ¯0, depending on the Brans-Dicke parameter ω, which is assumed constant and describes the coupling of the
chameleon field to matter. The vertical dotted line indicates the limit of f(R) gravity. Right panel: Comparison of the
Hu-Sawicki and designer f(R) model scalaron fields.
scalar field to baryons. Cosmological probes, however,
typically test the distribution of dark matter. Hence,
besides providing independent constraints on the same
gravitational model at different scales of our Universe,
they may also serve as incompensable tests of the pres-
ence of scalar fields that couple nonminimally to the dark
matter but may not couple equally strong to the bary-
onic components. Thus, it is important to study the
signatures of chameleon fields on the large-scale struc-
ture even if the amplitudes and coupling strengths for
the particular models considered are, in principle, ruled
out by local constraints.
Sec. III A begins with reviewing the linear growth of
structure in Jordan-Brans-Dicke gravity and the result-
ing linear matter power spectrum. The description of
cosmological structure in the nonlinear regime is then
discussed in Sec. III B using N -body simulations and in
Sec. III C using the spherical collapse model. Sec. III D
reviews different approaches of modelling the chameleon
effect on halo properties such as in the halo mass func-
tion and linear halo bias as well as in the density, scalar
field, and mass profiles of the clusters. Finally, Sec. III E
focuses on the description of the nonlinear matter power
spectrum, comparing different modelling approaches, in-
cluding nonlinear parametrisations and fitting functions,
the halo model decomposition, and perturbation theory.
A. Linear perturbations
In scalar-tensor theories, the linear growth function
for matter fluctuationsDϕ(a, k) becomes scale dependent
and in the quasistatic limit can be determined from solv-
ing
D′′ϕ +
[
2− 3
2
Ωm(a)
]
D′ϕ −
3
2
µ(a, k)Ωm(a)Dϕ ≃ 0, (23)
where Ωm(a) ≡ H20Ωma−3/H2. Hereby, µ(a, k) describes
the gravitational modification introduced in the Pois-
son equation by the scalar field, which for the Jordan-
Brans-Dicke models defined by Eqs. (1) and (2) takes
the form [118, 119]
µ(a, k) =
1
ϕ¯
[
1 +
1
3 + 2ω
k2ϕ¯
a2m¯2 + k2ϕ¯
]
, (24)
where ϕ¯ ≃ 1 and for Eq. (13),
m¯2 ≃ 1− α
3 + 2ω
(1− ϕ¯)α−2
(1− ϕ¯0)α−1 R¯0, (25)
or m¯2 ≃ [3fRR(R = R¯)]−1 in f(R) gravity. Eq. (23)
can be solved setting the initial conditions Dϕ(ai, k) =
D(ai) = ai and D
′
ϕ(ln ai, k) = D
′(ln ai) = ai at an initial
scale factor ai ≪ 1 in the matter-dominated era.
Assuming the same initial conditions for the chameleon
and ΛCDM models, the modified linear matter power
spectrum PLϕ relates to the ΛCDM power PLΛCDM as
PLϕ(a, k) =
(
Dϕ(a, k)
D(a)
)2
PLΛCDM(a, k). (26)
The ΛCDM variance is
S(a, r) ≡ σ2(a, r) = D
2(a)
D2(ai)
∫
d3k |W˜ (k r)|2Pi(ai, k),
(27)
6where W˜ (k r) is the Fourier transform of a top-hat func-
tion of radius r and Pi denotes the power spectrum at
initial time ai. Rather than defining the variance at ra-
dius r, it can also be written as a function of the mass
M = 4pi ρ¯m r
3/3 enclosed by the top hat.
Beyond the (reduced) Compton wavelength of the
background field, λC ≡ m¯−1 from Eq. (25), Eq. (24) be-
comes µ(a, k) → 1 and Eq. (23) reduces to the ordinary
differential equation for the scale-independent growth
function of matter fluctuationsD(a) in ΛCDM. Note that
whereas for the chameleon models, Eqs. (23) and (24)
strictly only apply in the quasistatic limit, in ΛCDM with
µ(a, k) = 1, Eq. (23) becomes exact on all scales and can
be derived from combining the linearly perturbed Ein-
stein field equations with the energy-momentum conser-
vation in the total matter gauge. For the scalar-tensor
theories with ΛCDM expansion history considered here,
however, deviations in Dϕ(a, k) from solving the growth
function using the full linear perturbation theory are
small [32, 58, 120–122]. Moreover, the following dis-
cussion concentrates on the high-curvature regime where
Eqs. (23) and (24) are accurate but it is worth keep-
ing in mind that in general, in modified gravity models,
corrections to the quasistatic approximation may have
measurable signatures on horizon scales [58, 123].
B. N-body simulations of chameleon f(R) gravity
N -body simulations are essential in the study of the
chameleon mechanism and its effects on the nonlinear
cosmological structure. For this purpose, N -body codes
have been developed by Refs. [85–92]. Thereby, the
chameleon suppression has been particularly well stud-
ied in the case of the Hu-Sawicki f(R) model, for which
in the quasistatic limit, the scalar field and Poisson equa-
tions become
∇2δfR = a
2
3
[δR(fR)− 8piGδρm] , (28)
∇2Ψ = 16piG
3
a2δρm − a
2
6
δR(fR), (29)
respectively, where coordinates are comoving, Ψ =
δg00/(2g00) is the Newtonian potential in the longitu-
dinal gauge, δfR = fR(R) − fR(R¯), δR = R − R¯, and
δρm = ρm − ρ¯m. The first simulations solving Eqs. (28)
and (29) were performed by Oyaziu et al. [85, 86] with
a particle-mesh code on regular grids. The resolution of
the chameleon force enhancement was then improved us-
ing a self-adaptive grid structure by Zhao et al. [89] with
mlapm [124] and by Li et al. [125] with ecosmog [90]
that is based on ramses [126]. Puchwein et al. [91] intro-
duced mggadget, a modification of gadget [127], using
its tree structure to improve the resolution. The equa-
tions of motion, Eqs. (28) and (29), in all of these simula-
tions are solved in the quasistatic limit, which is a good
approximation for f(R) gravity [85, 92, 122]. Llinares
and Mota [128] introduced a non-static solver for the
equations of motion in the symmetron model, which they
apply in its static version in the ramses based N -body
code isis [92] to simulate the Hu-Sawicki f(R) model.
The cosmological structure formed in these simula-
tions has been analysed through measurements of the
matter power spectrum [86, 89–92, 100, 125], halo mass
function [38, 89, 100], halo bias [100], halo density
profile [46, 99, 100], halo concentration [99], velocity
dispersion [47, 74, 97, 99], velocity divergence power
spectrum [125, 129], matter velocity dispersion cross
power [125, 129], redshift-space distortions [125], gravita-
tional redshift profiles [130], abundance of subhalos [74],
and the integrated Sachs-Wolfe effect [72]. Moreover,
hydrodynamical simulations of f(R) gravity have been
performed with mggadget to analyse degeneracies ap-
pearing between the signatures of f(R) modifications of
gravity and baryonic processes on the matter power spec-
trum, also examining the impact from active galactic nu-
clei feedback [91]. Further degeneracies with signatures
of massive neutrinos on the simulated matter power spec-
trum, halo mass function, and halo bias have been dis-
cussed in Ref. [73]. Other studies analysed the hydrody-
namics of the intracluster and intragroup medium [74] or
combined simulations with a semi-analytic model for the
study of galaxy evolution [131].
The impact of f(R) modifications of gravity on the
halo mass function and matter power spectrum is dis-
cussed in Secs. III D and III E. For the numerical com-
putations, also involving the spherical collapse density in
Sec. III C, the cosmological parameters are set to Ωm =
1 − ΩΛ with ΩΛ = 0.76, Ωb = 0.04181, dimensionless
Hubble constant h = 0.73, slope of the primordial power
spectrum ns = 0.958, and initial power in curvature fluc-
tuations As such that the power spectrum normalisation
is σ8 ≡ σ(a = 1, r = 8h−1 Mpc) = 0.8 for ΛCDM. This
is in correspondence to the settings in the N -body simu-
lations of Ref. [89, 125], from which results for the halo
mass function and matter power spectrum are also shown
in Secs. III D and III E, respectively. The same simula-
tion output has been used as comparison for the analyt-
ical modelling of these observables in Ref. [75, 99, 103].
Here, in order to highlight the effects of modified grav-
ity and the chameleon mechanism, numerical computa-
tions are specialised to |ϕ¯0 − 1| = |fR0| = 10−5 with
exponent α = 1/2 (n = 1), for which the scalar field is
small enough to demonstrate the nonlinear chameleon
suppression effect yet large enough to yield a signifi-
cant modification of the cosmological structure. Note
that analogous to Ref. [89], halos will be defined using
the ΛCDM virial overdensity ∆vir ≈ 390, which, mo-
tivated by an equal-overdensity approach for the com-
parison of the structures produced, is also applied to
identify f(R) halos. Hence, the associated virial masses
Mvir = 4piρ¯m∆virr
3
vir/3 do not strictly represent virial
masses in f(R) gravity [100, 103].
Finally, it is important to note that Eqs. (28) and (29)
form a highly nonlinear system of differential equations,
which is harder and takes longer to solve than performing
7N -body simulations in Newtonian gravity. Additionally,
the Hu-Sawicki f(R) model is only a subset of scalar-
tensor theories or modifications of gravity of cosmologi-
cal interest. Hence, it is important to develop simpler,
(semi)analytic tools that allow a more general analysis of
the effects on the nonlinear structure caused by modify-
ing gravity. These are ideally also efficient enough for the
application in Markov Chain Monte Carlo explorations of
the associated parameter spaces, comparing these com-
putations to observations.
C. Spherical collapse model
In addition to running N -body simulations of
chameleon gravity, the nonlinear structure formation can
also be studied in the spherical collapse model. Hereby,
a dark matter halo is approximated by a constant spher-
ically symmetric top-hat density ρin of radius rth, that is
embedded in an outer matter density ρout. The densities
are then evolved according to the nonlinear continuity
and Euler equations from an initial time to the time of
collapse of ρin.
In the inner part of the top hat and outside of it, the
scalar field is in the minimum of the effective Einstein
frame scalar field potential Veff(φ) in Eq. (10) with the
Jordan frame scalar field values ϕin and ϕout denoting
the corresponding solutions for Uϕ ≃ R/2, for instance,
given by Eq. (12). Khoury and Weltman [3] estimate the
distance ∆r ≥ 0 that the chameleon field ϕ ≃ 1 requires
to settle from ϕout to ϕin as
∆r
rth
≃ (3 + 2ω)ϕin − ϕout
κ2ρinr2th
. (30)
The force enhancement ∆F ≡ F − FN at rth due to the
nonminimally coupled scalar field, relative to the corre-
sponding Newtonian force FN = GmtM/r
2
th with test
mass mt, can then be approximated by [75, 102, 103]
∆F
FN
≃ 1
3 + 2ω
min
[
3
∆r
rth
− 3
(
∆r
rth
)2
+
(
∆r
rth
)3
, 1
]
.
(31)
This result follows from computing the intermediate
scalar field within r ∈ [r0, rth] in the thin-shell regime
∆r = rth − r0 ≪ rth, which reproduces the force en-
hancement in the thick-shell regime ∆r > rth when
r0 ≪ rth. Hence, Eq. (31) gives an interpolation be-
tween the regime of chameleon suppression ∆F = 0 and
the regime where the total force F is maximally modi-
fied, ∆F/FN = (3 + 2ω)
−1, which is C0 for ∆r/rth → 0
and C2 for ∆r/rth → 1. Note that the force modification
in Eq. (31) is both dependent on the mass of the halo,
M ≡ 4pi ρinr3th/3, and its environmental density ρout.
Li and Efstathiou [102] introduce this force enhance-
ment in the evolution of the spherical shell to study
the spherical collapse in chameleon models (cf. [100,
101, 132]). The equation of motion for the physical ra-
dius of the spherical top-hat overdensity ζ(a) then be-
comes [100, 102, 103]
ζ¨
ζ
≃ −κ
2
6
(ρ¯m − 2ρ¯Λ)− κ
2
6
(
1 +
∆F
FN
)
δρm (32)
with dots denoting cosmic time derivatives. At initial
time, ai ≪ 1, the physical radius of the spherical shell
is given by ζ(ai) = airth but at later times, a > ai, the
nonlinear evolution causes ζ(a) to deviate from this sim-
ple linear relation. This deviation can be characterised
by the dimensionless variable y ≡ ζ(a)/(a rth), where
ρm/ρ¯m = y
−3 follows from conservation of the mass
enclosed in the overdensity, ρ¯ma
3r3th = ρmζ
3. Hence,
Eq. (32) can be rewritten as
y′′h+
[
2− 3
2
Ωm(a)
]
y′h+
1
2
Ωm(a)
(
1 +
∆F
FN
)(
y−3h − 1
)
yh = 0
(33)
with ρin/ρ¯m = y
−3
h and
y′′env +
[
2− 3
2
Ωm(a)
]
y′env +
1
2
Ωm(a)
(
y−3env − 1
)
yenv = 0,
(34)
for the environment with ρout/ρ¯m = y
−3
env, which follows a
ΛCDM evolution, corresponding to Eq. (32) in the limit
of ∆F → 0. The force enhancement in Eq. (33) is ob-
tained from Eq. (31), replacing ∆r/rth → ∆ζ/ζ, where
for the chameleon models defined by Eq. (13),
∆ζ
ζ
≃ (3 + 2ω)(ϕ¯0 − 1) a
4−α
1−α
3Ωm(H0rth)2
yh

( 1 + 4 ΩΛΩm
y−3h + 4
ΩΛ
Ωm
a3
) 1
1−α
−
(
1 + 4 ΩΛΩm
y−3env + 4
ΩΛ
Ωm
a3
) 1
1−α

 . (35)
This system of differential equations is then solved with
the initial conditions
yh/env,i = 1−
δh/env,i
3
, y′h/env,i = −
δh/env,i
3
, (36)
set at an initial scale factor ai ≪ 1 in the matter-
dominated regime.
In order to evade problems with the scale-dependent
linear growth in scalar-tensor theories Dϕ(a, k) (see
Sec. III A), the initial overdensities δh,i and δenv,i can be
extrapolated to a > ai using the ΛCDM linear growth
function D(a) in Sec. III A to define an effective linear
overdensity
δh/env(x; ζh/env) ≡ D(a)
D(ai)
δh/env,i. (37)
In specific, using Eq. (37) to extrapolate the initial over-
densities yielding collapse at a given redshift, defines the
effective linear collapse density δc and the environmen-
tal density δenv. Analogous to these two definitions, in
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FIG. 2. Left panel: Comparison between different approaches to compute the spherical collapse density at z = 0 in the
Hu-Sawicki f(R) model with α = 0.5 (n = 1) and |fR0| = 10
−5: environmental average of collapse densities from the thin-shell
force implementation in the spherical collapse in Eqs. (31) and (35) (solid curve); evolution of initial overdensity profile (dashed
curve); reconstructed collapse density from a phenomenological chameleon transition in the variance (dot-dashed curve). Note
that in the mass and environment dependent spherical collapse, the coefficient in Eq. (35) depends on |fR0|/M
2/3, hence, δc can
be scaled to other values of |fR0| by a redefinition of mass. Right panel: Comparison between the spherical collapse densities
〈δc〉env at z = 0 in the designer (solid curve) and Hu-Sawicki (dashed curves) f(R) model for different values α.
Eq. (27), the variance S has been defined by the inte-
gration of the initial matter power spectrum extrapo-
lated to a using the ΛCDM linear growth function D(a).
Thus, the peak threshold, which will be of interest in
Sec. III D 1, is determined by ν = δc/
√
S = δc,i/
√
Si =
νi due to the scale-independent growth of structure in
ΛCDM. In contrast, if using the scale-dependent linear
growth function Dϕ(a, k) of scalar-tensor theories dis-
cussed in Sec. III A for these extrapolations instead, the
thresholds differ in general, ν 6= νi. Hence, Eq. (37) cor-
responds to defining the peak-threshold at ai.
The gravitational force enhancement determined by
Eqs. (31) and (35) and thus, δc, depend on the envi-
ronmental density δenv or δenv,i with larger modifications
and stronger suppression for low and high values of δenv,
respectively. In Ref. [102] this environment was specified
by its Lagrangian (or initial comoving) size with the en-
vironment defined as a spherical region around the same
centre as the top-hat overdensity that has a radius that
is larger than the halo that will form but small enough to
be considered its surrounding. Refs. [104, 133] then char-
acterised the environment in terms of the Eulerian (phys-
ical) size, emphasising that the difference in the respec-
tive probability distributions of δenv leads to differences
in the corresponding structures that are formed with the
Eulerian environments being more likely to be larger
than their Lagrangian counterparts and hence causing
a stronger suppression of the modified gravity effects.
They argued that a scale at the order of the Compton
wavelength λC is a natural choice for the Eulerian ra-
dius of the environment, setting ζ = 5h−1 Mpc. This
value has also been adopted by Refs. [75, 103] together
with the probability distribution Pζ(δenv) of the Eulerian
environmental density δenv described in Refs. [104, 134]
to analyse the environmental dependence of structures
formed in chameleon theories, also employing different
averaging procedures. Thereby, using the environmen-
tal average of collapse densities, 〈δc〉env, when modelling
halo properties (see Sec. III D) produced a good match to
results from f(R) N -body simulations, furthermore, pro-
viding a simplification over modelling observables with
δc(δenv) first with subsequent averaging over Pζ(δenv).
This approach can be further simplified by using the en-
vironmental density for which δc comes close to this av-
erage. For the cosmology in Sec. III B and setting zf = 0,
one can adopt 〈δc〉env ≈ δc(δenv = 0.4). Similar ap-
proximations such as using the peak of the environmen-
tal distribution δenv ≈ 0.8 or the average environment
〈δenv〉env ≈ 0.16 for the same cosmological configuration
have also been explored in Refs. [75, 103]. The collapse
density δc(δenv = 0.4) for collapse at z = 0 and the cos-
mology defined in Sec. III B is shown in Fig. 2.
Note that there are alternative approaches to comput-
ing δc through the thin-shell force enhancement in the
collapse as described in Eqs. (31) and (35). Schmidt
et al. [100] studied the spherical collapse in the extreme
cases ∆F/FN = 1/3 and ∆F/FN = 0 in Eq. (32), cor-
responding to the full modification and fully screened
case in f(R) gravity. Borisov et al. [101] generalised this
approach by considering the isotropic evolution of an ini-
9tial overdensity profile according to Eqs. (28) and (29),
which in this case becomes a one-dimensional problem.
They find that, whereas in the limiting cases studied by
Ref. [100], an initial top-hat overdensity remains a top
hat at later times, under this evolution, the initial top-
hat overdensity develops a spike at its edge, indicating
shell crossing. To evade the consequent numerical prob-
lems, they introduce a Gaussian smoothing of the initial
profile to its cosmological background with its dispersion
as a free parameter. However, due to the breakdown of
Birkhoff’s theorem in f(R) gravity and the associated
environmental dependence, the collapse density becomes
dependent on the choice of initial profile and, hence, the
dispersion parameter. Kopp et al. [106] followed this ap-
proach, introducing a method based on peaks theory and
the matter transfer function that, given the cosmological
parameters, fixes the initial overdensity profile. More-
over, whereas Ref. [101] use the scale and time dependent
linear growth function of f(R) gravity in Fourier space,
convolved with the Fourier image of a top hat, to define
δc, Ref. [106] define the effective δc evolved from the ini-
tial overdensity according to the linear ΛCDM growth
function D(a) as in Eq. (37). Ref. [106] give a fitting
function for their δc as a function of redshift, halo mass,
Ωm, and |fR0|. The corresponding limit for the spherical
collapse density in the cosmology specified in Sec. III B
at zf = 0 is shown in Fig. 2. Finally, the chameleon tran-
sition in the peak threshold ν can also be modelled via
the phenomenological approach of Li and Hu [95], which
will be discussed in more detail in Sec. III D 1, where
the effective collapse density can be reconstructed from
δc ≡ δΛc
√
S/SPPF with δ
Λ
c being the ΛCDM spherical
collapse density and SPPF is given by Eq. (40).
D. Chameleon clusters
Galaxy clusters are of particular interest when search-
ing for cosmological signatures of a chameleon field and
placing constraints on the models. The enhanced growth
of structure due to the extra force exerted by the scalar
field yields, for instance, an increase in the abundance of
massive clusters, as discussed in Sec. III D 1. Counteract-
ing this modification is a decrease of the growth enhance-
ment near the Compton wavelength of the background
scalar field, beyond which gravity returns to Newtonian,
causing a decrease of the overabundance of massive ha-
los for decreasing values of 1 − ϕ¯. More importantly,
however, the chameleon mechanism yields a more effec-
tive, nonlinear recovery of the Newtonian results, which
is not just dependent on the mass of the halo but also
on its environment. Similarly, with the increased abun-
dance of massive halos, they become less biased, where
the chameleon mechanism acts again to recover the New-
tonian results.
Equally interesting are the chameleon field and mat-
ter density profiles within the cluster. The gravitational
modifications yield an increase in halo concentrations for
halo masses defined at equal overdensities, accordingly,
with enhanced characteristic matter densities and fur-
thermore, a matter pile-up in the infall region of the clus-
ters. While for values of ϕ ≃ 1, light deflection by this
matter distribution is equivalent to the general relativis-
tic effect, the dynamically inferred matter distributions
differ for unshielded clusters and can be determined from
the corresponding chameleon field profile as discussed in
Secs. III D 2, IIID 3, and III D 4.
1. Halo mass function and linear halo bias
The statistics of virialised clusters can be described
using excursion set theory, where collapsed structures are
associated with regions where the initial matter density
fields smoothed over these regions exceed the threshold
δc. The variance S in Eq. (27) characterises the size of
such a region and when varied causes incremental steps
in the smoothed initial overdensity field. These steps are
independent of their previous values if the wavenumbers
are uncorrelated, describing a Brownian motion of the
smoothed matter density field with Gaussian probability
distribution and with the increment being a Gaussian
field with zero mean. The distribution f of the Brownian
motion trajectories which cross the flat barrier δc the first
time at S was characterised by Press and Schechter [135].
In the case of chameleon gravity, the barrier is, how-
ever, no longer flat and depends on both the variance and
the environment that embeds the collapsing halo. Even
in the Newtonian case, the barrier becomes dependent
on the variance once relaxing the assumption of spheric-
ity of the halo. Sheth and Tormen [136] modified the
Press-Schechter first-crossing distribution based on ex-
cursion set results with the moving barrier of ellipsoidal
collapse [137, 138],
ν f(ν) = N
√
2
pi
q ν2
[
1 +
(
q ν2
)−p]
e−q ν
2/2 (38)
with peak-threshold ν ≡ δc/
√
S, normalisation N such
that
∫
dν f(ν) = 1, as well as p = 0.3 and q = 0.707.
The parameter q is set to match the halo mass function
nlnMvir ≡
dn
d lnMvir
=
ρ¯m
Mvir
f(ν)
dν
d lnMvir
(39)
with measurements from ΛCDM N -body simulations.
Although Eq. (38) has been obtained in the concordance
model, in combination with the mass and environment
dependent spherical collapse model in Sec. III C, it also
provides a good description of the relative enhancement
of the chameleon halo mass function with respect to
its ΛCDM counterpart using the same values of p and
q [75, 103]. The corresponding enhancements for the Hu-
Sawicki and designer f(R) models are shown in Fig. 3.
Also shown are the enhancements measured in the Hu-
Sawicki α = 0.5 N -body simulations of Ref. [125] (black
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FIG. 3. Left panel: Relative enhancement in the halo mass function at z = 0 of the Hu-Sawicki |fR0| = 10
−5 model (α = 0.5)
with respect to ΛCDM using the different spherical collapse densities shown in Fig. 2 in the Sheth-Tormen prescription,
Eq. (38). Also shown are the N-body simulations of Ref. [125] (black data points) and Ref. [89] (gray data points). Right
panel: Comparison between the corresponding enhancements in the designer model and the Hu-Sawicki model with different
values of α.
data points) and Ref. [89] (gray data points). In com-
parison, the designer model yields a smaller increase in
the halo mass function for massive halos, whereas the
enhancement is larger for small masses. This behaviour
reflects the differences in δc and fR/fR0 between the two
models illustrated in Figs. 1 and 2.
Instead of using the phenomenological halo mass func-
tion in Eq. (38), one can use excursion set theory to com-
pute a theoretically better motivated first-crossing dis-
tribution with the moving barrier defined by the linear
chameleon collapse density δc(S, δenv). The correspond-
ing halo mass function is then determined from Eq. (39).
This approach was conducted in Ref. [102] using a La-
grangian definition of environment and extended to Eu-
lerian environments in Ref. [104], who compared the two
approaches as well as performed both numerical integra-
tions and Monte Carlo simulations, finding that due to
the larger likelihood of high-density environments in the
Eulerian case, the overabundance of medium and large
size halos with respect to ΛCDM is weakened. The halo
mass function of the Hu-Sawicki f(R) model using ex-
cursion set theory and a numerical integration method
has been computed in Ref. [103]. The comparison to
N -body simulations showed a better agreement with the
Sheth-Tormen approach when combined with the mass
and environment dependent spherical collapse model and
a subsequent averaging over the probability distribution
of the Eulerian environment. Ref. [106] formulated an
analytic expression for the halo mass function based on
excursion set theory with a drifting and diffusing barrier
computed from the f(R) evolution of the initial density
profile with uncorrelated steps, which they tested against
Monte Carlo random walks. Note that in Fig. 3, the re-
sults referring to the smoothed initial density profile of
Ref. [106] are not using this result for the halo mass func-
tion but apply the spherical collapse density from this
approach (see Sec. III C) to the Sheth-Tormen formula
in Eq. (38).
Finally, whereas in all of these approaches, the ran-
dom walk was considered Markovian, i.e., with uncorre-
lated steps, Lam and Li [105] introduce correlated steps
in the excursion set approach and find that, in general,
this leads to an enhancement of the modifications in the
halo mass function. The difference with respect to uncor-
related steps is due to a change of distribution of the Eu-
lerian environmental densities, whereas the Lagrangian
definition is not affected, and hence, the first-crossing
probability, as well as correlations between δ and δenv.
In order to analyse these effects in the first-crossing dis-
tribution, they study three different window functions, a
sharp k-filter for the uncorrelated case, as well as a Gaus-
sian and top-hat filter for the correlated steps, for which
they run Monte Carlo simulations.
Alternatively to introducing the chameleon mechanism
in the spherical collapse density, Li and Hu [95] proposed
a nonlinear parametrised post-Friedmann (PPF) descrip-
tion to determine the halo mass function for chameleon
f(R) gravity. They phenomenologically interpolate be-
tween the linearised and suppressed regimes by introduc-
ing a chameleon PPF transition in the variance as
S
1/2
PPF(M) =
S
1/2
ϕ (M) + (M/Mth)
µ S
1/2
ΛCDM(M)
1 + (M/Mth)
µ , (40)
where Mth and µ are fitted simultaneously to different
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halo mass functions extracted from N -body simulations
with different configurations of the chameleon field. The
PPF peak threshold in Ref. [95] is then given by
νPPF ≡ δ
Λ
c
S
1/2
PPF(M)
, (41)
which they subsequently use in the Sheth-Tormen ex-
pression Eq. (38) to approximate the halo mass func-
tion. The parameters (Mth, µ) have been calibrated
to N -body simulations of the Hu-Sawicki f(R) grav-
ity model in Refs. [95, 103]. With the mass definition
M200 from setting ∆ = 200, Ref. [95] finds Mth =
1.345 × 1013 (106|fR0|)3/2 M⊙/h and µ = 2.448. The
corresponding PPF enhancement in the halo mass func-
tion is shown in Fig. 3, where masses have been rescaled
to M390 following Ref. [103]. Note that if attributing the
chameleon transition in the peak threshold νPPF and ac-
cordingly in the halo mass function to a modification of
the spherical collapse density rather than to a transition
in the variance (see Sec. III C), the scaling of Mth with
|fR0|3/2 can be derived from the spherical collapse model
when considering the coefficient of the force modification
in Eq. (35) that scales as (1− ϕ)/r2th ∼ (1− ϕ)/M2/3.
Finally, with the Sheth-Tormen halo mass function
Eq. (38), the linear halo bias obtained in the peak-
background split becomes [136]
bL(Mvir) ≡ b(k = 0,Mvir) = 1+a ν
2 − 1
δc
+
2p
δc [1 + (a ν2)
p
]
.
(42)
The effective linear collapse density δc in chameleon mod-
els is suppressed relative to ΛCDM, which causes bL to
decrease. Moreover, the modification becomes mass and
environment dependent and can be determined using the
spherical collapse model described in Sec. III C.
Ref. [100] performed a measurement of the linear halo
bias in N -body simulations of Hu-Sawicki f(R) grav-
ity and found good agreement with the deviations in bL
predicted by Eq. (42) when using the modified peak-
threshold. Halo biasing has also been analysed for
chameleon models in Ref. [105] within the framework of
excursion set theory using the unconditional and condi-
tional first-crossing distribution with different smoothing
window functions. They find an increase in the modifica-
tions of bL for correlated steps with respect to the uncor-
related case due to less likely high-density environments
and correlations of δenv with δ in the non-Markovian sce-
nario. Deviations in the halo bias and halo mass function
have also been analysed for a Yukawa-type modification
of gravity, using the spherical collapse model and excur-
sion set theory based on the scale-dependent modification
of the growth function [139–141].
2. Cluster density profile
Navarro, Frenk, and White (NFW) [142] found that
the dark matter clusters formed in ΛCDM N -body sim-
ulations are well described by spherical halos with the
simple universal radial density profile
δρm(r) =
ρs
r
rs
(
1 + rrs
)2 . (43)
Hereby, ρs and rs denote the characteristic density and
scale, respectively, which can be calibrated to simula-
tions. Alternatively, given a specific virial halo massMvir
that is defined by the virial overdensity ∆vir, one may use
the virial halo concentration cvir ≡ rvir/rs as the free pa-
rameter and the relations
ρs =
1
3
ρ¯m∆virc
3
vir
[
ln(1 + cvir)− cvir
cvir + 1
]−1
, (44)
rs =
1
cvir
(
3Mvir
4piρ¯m∆vir
)1/3
, (45)
in the density profile Eq. (43). The NFW profile can
further be reduced to a function of halo mass only by
adopting a mass-concentration scaling relation. In the
following, the concentration shall be given by the relation
cvir(Mvir, a) = 9a
(
Mvir
M∗
)−0.13
(46)
with the critical mass M∗ satisfying S(M∗) = δ
2
c .
Eq. (46) has been calibrated to approximately 5 × 103
halos of mass 1011 − 1014 M⊙/h extracted from ΛCDM
N -body simulations in Ref. [143] and shall here be as-
sumed to also apply to more massive halos, concentrating
on ∆vir ≡ 390 as in Sec. III B.
When gravity is modified, Eqs. (43) and (46) may
not be applicable and it is worth checking their perfor-
mance against N -body simulations. Ref. [99] found that
Eq. (43) provides comparably good fits to the dark mat-
ter halo density profiles extracted from N -body simula-
tions of the Hu-Sawicki f(R) model as to the concor-
dance model halos. Given that the fit is accurate for
a range of |fR0| values and, accordingly, for different
magnitudes of the gravitational modifications and the
similarity of the chameleon mechanism between differ-
ent choices of model parameters in Eq. (35), this moti-
vates the use of the NFW profiles for a wider class of
chameleon models defined by Eqs. (1), (2), and (13).
The scaling relation Eq. (46) can be adopted in the
chameleon models with the replacement S → Sϕ, where
Sϕ is the variance computed using the scale-dependent
growth function Dϕ(a, k) [46, 95, 100]. In this approach,
however, the chameleon modification is incorporated in
M∗ in a linear manner, which depends on the ampli-
tude (ϕ¯0 − 1) and only rescales cvir(Mvir) with a con-
stant factor. Hence, it does not capture the chameleon
mechanism, neither taking into account dependencies of
the modification on mass nor environment [99]. These
dependencies can be introduced in cvir by reinterpret-
ing the concentration-mass relation defining the critical
mass as M∗(δc, σ) ≡ σ−1 ◦ δc and adopting the effective
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δc from the chameleon spherical collapse model [75]. The
chameleon mechanism is then incorporated in the con-
centration via the relations
cvir(Mvir, δenv, a) = 9a
[
M∗(Mvir, δenv)
Mvir
]0.13
, (47)
M∗(Mvir, δenv) ≡ (σ−1 ◦ δc)(Mvir, δenv)
= σ−1(δc(Mvir, δenv)). (48)
As δc becomes smaller in the chameleon models, M∗ and
the concentration become larger, causing an enhance-
ment in ρs and a decrease of rs compared to their ΛCDM
counterparts. This behaviour is in agreement with the
measurements of halo concentration, characteristic den-
sity, and characteristic radius from N -body simulations
of the Hu-Sawicki f(R) model [99].
Finally, while within the virial radius, the halo density
profiles of the chameleon and concordance model clusters
agree up to different values of characteristic density and
radius, at a few virial radii, N -body simulations show
an enhancement of the halo-matter correlation function
due to a matter pile-up in the infall region caused by
the late-time enhanced gravitational forces [46, 100] (also
see [71]). The effect can be well described by the halo
model [46].
3. Chameleon field profile
Given the dark matter profile of a cluster discussed in
Sec. III D 2, i.e., the NFW relation for δρm in Eq. (43),
the scalar field profile within the halo can be obtained
from solving the scalar field equation, Eq. (10). As-
suming sphericity and the quasistatic limit, this yields
a second-order differential equation for ϕ(r), which can
easily be integrated numerically adopting the substitu-
tion ϕ− 1 = −eu(r) [85, 89, 97, 99].
Alternatively, an analytic approximation for the
chameleon field profile can be derived requiring ϕ ≃ 1
and linearising the scalar field potential U(ϕ) in Eq. (10)
with respect to ϕ¯. After subtraction of the background,
δϕ ≡ ϕ− ϕ¯, the scalar field equation becomes
∇˜2δϕlin − m¯2δϕlin + κ
2
3 + 2ω
δρm ≃ 0, (49)
which is solved by [99]
δϕlin ≃ −κ
2ρsr
3
s
6 + 4ω
{
Γ[0, m¯(r + rs)]e
2m¯(r+rs)
+Γ[0,−m¯(r + rs)]− Γ(0,−m¯ rs)
−e2m¯ rsΓ(0, m¯ rs)
} e−m¯(r+rs)
r
(50)
with the upper incomplete gamma function
Γ(s, r) =
∫ ∞
r
dt ts−1e−t. (51)
The integration constants are set by the requirements
that limr→∞ δϕlin = 0 and limr→0 rδϕlin = 0. In this
approximation, the chameleon transition is assumed to
take place instantaneously once δϕ = 1− ϕ¯, hence,
δϕ ≈ min (δϕlin, 1− ϕ¯) (52)
or equivalently, ϕ ≈ min (ϕlin, 1). For ρm ≫ ρ¯m, the
linearised scalar field simplifies to [99]
δϕlin ≃ κ
2ρsr
3
s
3 + 2ω
[
ln(1 + r/rs)
r
− m¯ em¯ rsΓ(0, m¯ rs)
]
,
(53)
for which the chameleon screening scale is [75]
rc = −rs −A−1W [−Ars exp(−Ars)] (54)
with the Lambert W function W [·], solving x =
W (x) exp[W (x)], and
A ≡ 3 + 2ω
κ2ρsr3s
(1− ϕ¯) + m¯ em¯ rsΓ(0, m¯ rs). (55)
Rather than assuming an instantaneous transition
of the linearised scalar field into a chameleon-shielded
regime, one may want to require a continuously differen-
tiable transition in δϕ [98]. In this case, a free rc and the
two integration constants of the outer linearised solution
δϕout obtained from the integration of Eq. (49) in the
limit of ρm ≫ ρ¯m, i.e., neglecting the term −m¯2δϕ, are
matched to the inner chameleon-shielded solution δϕin,
where Uϕ ≃ R/2, which for the potential Eq. (13) takes
the expression Eq. (12). More specifically, the chameleon
field
δϕ =
{
δϕout, r > rc
δϕin, r ≤ rc (56)
and rc are required to satisfy the conditions
δϕout(rc) = δϕin(rc), (57)
δϕ′out(rc) = δϕ
′
in(rc), (58)
and that limr→∞ ϕout(r) = ϕenv, where ϕenv ≃ ϕ¯ will
be assumed. While in the resulting relations, one inte-
gration constant is set by the environment, the other is
set by the transition scale rc, which has to be computed
numerically.
The different profiles discussed here have been com-
pared to each other in Ref. [99] showing good agree-
ment with N -body simulations of the Hu-Sawicki f(R)
model. Note, however, that in all of these approaches,
requiring that limr→∞ δϕout(r) = 0 does not necessarily
yield a recovery of the simulated chameleon field profile
of a particular cluster as the environment of the clus-
ter can deviate from the cosmological background. In
this case, δϕ should be matched to boundary conditions
such as obtained from extracting δϕ(rvir) from simula-
tions [99]. Furthermore, note that the scalar field profile
obtained from Eqs. (56), (57), and (58) does not apply
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on scales approaching the Compton wavelength, where
for scales beyond it the scalar field is suppressed accord-
ing to Eq. (50).
Following Refs. [48, 77], instead of solving rc numeri-
cally in the last approach, given that ρm ≫ ρ¯m, one can
approximate the inner solution in Eq. (56) as ϕin ≃ 0,
which yields
rc ≃ κ
2ρsr
3
s
3 + 2ω
1
1− ϕ¯ − rs, (59)
δϕout ≃ κ
2ρsr
3
s
3 + 2ω
ln
(
r + rs
rc + rs
)
1
r
+ (1 − ϕ¯)rc
r
. (60)
4. Dynamical mass profile
An unscreened test particle of mass mt in the cluster
experiences the extra force
Fϕ ≡ −mt
2
∇˜ϕ. (61)
due to the presence of the chameleon field. This extra
force can be interpreted as being exerted by the phantom
mass
Mϕ ≡ − r
2
2G
d
dr
ϕ(r), (62)
assuming a spherical system and ϕ ≃ 1. Eq. (62)
contributes to the dynamically inferred mass as MD =
M +Mϕ. Using Eqs. (56), (59), and (60), it therefore
follows that
MD(r) ≃
{
1 +
Θ(r − rc)
3 + 2ω
[
1− M(rc)
M(r)
]}
M(r), (63)
where Θ is the Heaviside step function. The cluster mass
profile
M(r) = 4piρsr
3
s
[
ln
(
1 +
r
rs
)
− r
r + rs
]
+Mc (64)
is obtained from integrating the NFW density profile,
where Mc is a mass correction due to deviations from
this relation in the inner part of the cluster. The approx-
imations and equations leading to the expression Eq. (63)
generalise and yield a derivation of the assumption made
for MD(r) in Ref. [97]. Note, however, that Eq. (63)
does not apply on scales approaching the Compton wave-
length, where for scales beyond it the scalar field is sup-
pressed according to Eq. (50) (see Secs. III A and IIID 3).
The difference betweenMD(r) andM(r) also depends on
the environment, which in Eq. (63) can be taken into ac-
count through dropping the condition ϕenv = ϕ¯. It has
also been shown in Ref. [133] that at r = rvir, the dif-
ference in mass observed in N -body simulations of f(R)
gravity can be well described using the thin-shell condi-
tion.
Moreover, dense objects such as stars may not feel the
full force modification in Eq. (63) due to self-shielding
in the chameleon mechanism. The effective force felt by
such an object can be estimated by Eqs. (30) and (31),
where ϕout is determined by its environmental field value.
While the stars may be screened or partially screened, the
gas of a cluster feels the full force modification. Assum-
ing hydrostatic equilibrium of the gas, for a spherically
symmetric system, the gas density ρgas and pressure P
relate to the dynamical mass profile as
1
ρgas(r)
dP (r)
dr
= −GMD(r)
r2
. (65)
Assuming no contribution from non-thermal pressure,
the gas pressure relates to the gas density and tempera-
ture as P = Pthermal ∝ ρgasTgas. Whereas the mass pro-
file M(r) = MD(r) −Mϕ(r) can be measured by weak
gravitational lensing around a cluster, the gas tempera-
ture, density, and pressure can be determined from X-
ray observations and the Sunyaev-Zel’dovich effect. In
hydrostatic equilibrium, these observables are uniquely
determined from any combination of two of these pro-
files. Hence, a combination of these measurements yields
a powerful test of gravity [77].
E. Matter power spectrum
In the halo model [144–146], statistics of cosmologi-
cal structures are decomposed into the underlying halo
contributions. The nonlinear matter power spectrum is
described by the two-halo and one-halo terms,
Pmm(k) ≃ P 2h(k) + P 1h(k), (66)
P 1h(k) =
∫
d lnMvirnlnMvir
M2vir
ρ¯2m
|y(k,Mvir)|2 , (67)
where y(k,M) denotes the Fourier transform of the halo
density profile, which shall be given by the NFW expres-
sion Eq. (43), with a truncation at rvir and normalisation
limk→0 y(k,M) = 1. The two-halo term shall be approx-
imated by P 2h(k) ≈ PL(k), and the halo mass function
and halo concentration shall be determined as described
in Secs. III D 1 and IIID 2. Note that the use of the lin-
ear matter power spectrum as the two-halo contribution
underestimates nonlinear effects on the transition scales
between the one-halo and two-halo terms. Although this
is also a problem for modelling the ΛCDM power spec-
trum, for chameleon models, the situation is further com-
plicated as the suppression mechanism is not incorpo-
rated in the linearly computed growth enhancement. In
Ref. [75], it was shown that the relative enhancement in
the chameleon matter power spectrum with respect to its
ΛCDM counterpart can be well described by introducing
a simple scale-dependent correction to the linear power
spectrum
P effLϕ(a, k) =
PLϕ(a, k) + (k/k∗)PLΛCDM(a, k)
1 + k/k∗
, (68)
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where k∗ ≈ 0.1
√
(1− ϕ¯)/10−5 h Mpc−1. The scale de-
pendence in this correction can be motivated by the re-
lation between the top-hat size and scalar field ampli-
tude in the coefficient of the force modification used in
the spherical collapse computation in Eq. (35). The re-
sulting enhancements of the matter power spectrum for
the Hu-Sawicki and designer f(R) models are shown in
Fig. 4, where initial power spectra are determined us-
ing the Eisenstein-Hu transfer function [147, 148]. The
halo mass function and concentration in the one-halo
term Eq. (67) are computed using the different spheri-
cal collapse densities described in Sec. III C. In the case
of the mass and environment dependent spherical col-
lapse model, the most probable environment is assumed,
which corresponds to the environmental density at the
peak of its probability distribution. This can be inter-
preted as an averaging procedure over the unshielded,
shielded, and partially shielded forces acting on the dark
matter particles.
A similar approach to the correction of the transition
regime in Eq. (68) was conducted in Ref. [95], who replace
the two-halo term and its interpolation to the one-halo
term with the same phenomenology as halofit [149].
More specifically, P 2h → 2pi2∆2Q(k)/k3 with
∆2Q(k)
∆2L(k)
=
[
1 + ∆2L(k)
]βn
1 + αn∆2L(k)
exp
(
−y
4
− y
2
8
)
, (69)
where ∆2L(k) = (2pi
2)−1k3PL(k) and y = k/kσ determine
the transition scale to the one-halo term with σG(k
−1
σ ) =
1 and
σ2G(R) =
∫
d ln k∆2L(k) exp(−k2R2). (70)
The transition parameters αn and βn are determined
from [149]
αn = 1.3884 + 0.3700neff − 0.1452n2eff, (71)
βn = 0.8291 + 0.9854neff + 0.3401n
2
eff, (72)
where
neff ≡ −3− d lnσ
2
G(R)
d lnR
∣∣∣∣
σG=1
. (73)
Predictions of P (k) then vary depending on whether
the modified or ΛCDM linear matter power spectrum is
used to determine the transition. The arithmetic mean
between the two power spectra produced by using ei-
ther PLΛCDM or PLϕ to compute the right-hand side of
Eq. (69) and σG is shown in Fig. 4. Note that in this case,
the one-halo term is computed according to Ref. [95], us-
ing the halo mass function and halo concentration de-
termined from the PPF fit in the variance discussed in
Sec. III D 1.
A different nonlinear PPF formalism, directly mod-
elling P (k), was proposed by Hu and Sawicki [93].
It interpolates between the modified and suppressed
regimes of the chameleon matter power spectrum using
the nonlinear power spectrum in ΛCDM PΛCDM for the
shielded regime and in the unshielded regime, its coun-
terpart Pnon−ΛCDM that extrapolates the modified linear
power spectrum to small scales and does not exhibit a
chameleon transition. The power spectra are then inter-
polated via the relation
P (a, k) =
Pnon−ΛCDM(a, k) + cnlΣ
2(a, k)PΛCDM(a, k)
1 + cnlΣ2(a, k)
.
(74)
In Ref. [93], the transition was assumed to scale as
Σ2(k) = (2pi2)−1k3PL(k). Koyama et al. [107] used per-
turbation theory and Σ2(k) =
[
(2pi2)−1k3PL(k)
]1/3
to
recover the simulated power spectra in f(R) gravity up
to k ∼ 0.5h Mpc−1. Zhao et al. [94] then extended the
PPF approach for P (k, a), fitting
Σ2(a, k) =
[
k3
2pi2
PL(a, k)
]αnl+βnl kγ
, (75)
to N -body simulations of the Hu-Sawicki model with
α = 0.5, where cnl, αnl, βnl, and γ are re-calibrated at
different redshifts and for different values of |fR0|. The
corresponding matter power spectrum using halofit to
determine PΛCDM and Pnon−ΛCDM is shown in Fig. 5. Re-
cently, Zhao [96] introduced mghalofit, which directly
modifies halofit by generalising its fitting parameters to
accommodate the Hu-Sawicki f(R) model. The enhance-
ment in P (k) predicted by mghalofit is also shown in
Fig. 5.
Alternatively, the linear, quasilinear, and nonlinear
scales of the matter power spectrum can be computed
combining perturbation theory at the one-loop level with
the halo model. An implementation of this concept was
developed by Valageas et al. [150] and applied to differ-
ent scalar-tensor theories, including the Hu-Sawicki f(R)
model, by Brax and Valageas [108]. In order to compute
the one-loop matter power spectrum, the scalar modifi-
cation of the Newtonian potential is expanded to third
order in the nonlinear density fluctuation. Subsequently,
a Lagrangian-space regularisation is applied to the one-
loop expansion and combined with the halo model, using
the gravitational modification on the high-mass end of
the halo mass function determined by a modified spheri-
cal collapse calculation and the NFW density profile with
identical mass-concentration relation to the concordance
model, hence, not accounting for modified gravity effects.
The results obtained in Ref. [108] for the enhancement
of the matter power spectrum in the Hu-Sawicki f(R)
model with α = 0.5 are shown in Fig. 5.
Finally, note that in f(R) gravity, nonlinear correc-
tions to the matter power spectrum begin to contribute at
slightly larger scales than in ΛCDM. The enhancements
in the power spectrum at z = 0 predicted by linear theory
can be up to 50% and 100% larger at k = 0.1 h Mpc−1
and k = 0.2 h Mpc−1, respectively, than their nonlinear
counterparts.
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FIG. 4. Left panel: Relative enhancement of the matter power spectrum at z = 0 in the Hu-Sawicki model for α = 0.5 and
|fR0| = 10
−5 with respect to ΛCDM predicted by halo model approaches with the different spherical collapse densities of Fig. 2.
The data points represent results from N-body simulations of Ref. [125]. Right panel: Comparison between the matter power
spectrum enhancements at z = 0 in the designer model (solid curve) and the Hu-Sawicki model (dashed curves) with different
values of α using the halo model and the mass and environment dependent spherical collapse model. Dotted curves indicate
linear results.
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combination of one-loop perturbation theory and halo model
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IV. OBSERVATIONAL CONSTRAINTS
Chameleon models have been constrained using a va-
riety of observations from laboratory to cosmological
scales [8, 50, 59, 65, 75, 77, 82, 83, 113, 151]. Fig. 1
shows the current bounds inferred on the field ampli-
tude and coupling strength on local [8, 75], astrophysi-
cal [50], and cosmological scales [77]. In particular, the
Hu-Sawicki and designer f(R) models (ω = 0) have been
tested using a range of observables and methods. A selec-
tion of current and prospective constraints on |fR0| are
summarised in Table I, focusing mainly on cosmological
results. Note that due to the difference in the signa-
tures of the Hu-Sawicki and designer f(R) models, for
rigour, the 95% confidence level constraints listed from
the different analyses are assigned to the specific form
of f(R) assumed, i.e., the designer (D) and Hu-Sawicki
(HS) models. Hereby, the Hu-Sawicki case refers to the
model specifications with α = 0.5 (or n = 1). A few
of the results listed in Table I shall shortly be reviewed
here.
With increasing |fR0|, the growth of structure becomes
enhanced at late times. This affects the cosmic mi-
crowave background (CMB) through modifications of the
integrated Sachs-Wolfe (ISW) effect, gravitational lens-
ing, and the Sunyaev-Zel’dovich (SZ) effect. With grow-
ing |fR0|, the ISW contribution is reduced, initially yield-
ing a decrease of the temperature anisotropy power spec-
trum at low multipoles. Eventually, with increasing mod-
ification, the ISW contribution to the temperature field
becomes negative, at which point, however, the ISW con-
tribution to the temperature anisotropy power spectrum
starts to rise again due to the square in the temperature
field. While the initial reduction of the ISW contribution
is slightly preferred by the data, the enhancement with
|fR0| after the turning point can be used to place con-
straints on the model at the order of |fR0| . 10−1 [23, 32].
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TABLE I. Selection of current and prospective constraints on f(R) gravity.
Measurement redshift scale |fR0| constraint model Ref.
Integrated Sachs-Wolfe (ISW) effect . 10 & 25h−1 Mpc < 3.5 × 10−1 D [23, 32]
Galaxy-ISW cross correlations . 5 & 40h−1 Mpc < 6.9 × 10−2 D [9, 30, 32]
Galaxy power spectrum (WiggleZ) 0.2− 1 & 60h−1 Mpc 10−4 . |fR0| . 2× 10
−1 D [79]
Galaxy power spectrum (WiggleZ) 0.2− 1 & 30h−1 Mpc . 1.4× 10−5 D [79]
Redshift-space distortions (LRG) 0.16 − 0.47 (15− 300)h−1 Mpc . 10−4 HS [33]
EG probe 0.32 (10− 50)h
−1 Mpc . 10 D [31, 32]
CMB lensing (ACT) . 6 (1− 60)h−1 Mpc . 10−1 D [60]
CMB lensing (SPT) . 6 (1− 50)h−1 Mpc . 2× 10−2 D [60]
CMB lensing (Planck) . 6 & 1h−1 Mpc . 10−2 D [66, 68]
Cluster abundance (Chandra) < 0.15 (1− 10)h−1 Mpc < 1.3 × 10−4 HS [29, 38]
Cluster abundance (MaxBCG) 0.18, 0.25 (1− 10)h−1 Mpc < 1.9 × 10−4 D [32]
Gravitational redshift of galaxies in clusters 0.1 − 0.55 (0.5− 10)h−1 Mpc . . . HS [45]
Cluster density profiles (maxBCG) 0.23 (0.2− 20)h−1 Mpc < 3.6 × 10−3 HS [46]
Coma gas measurements 0.02 (0.1− 1)h−1 Mpc < 6× 10−5 D/HS [77]
Strong gravitational lenses (SLACS) 0.06 − 0.36 (1− 10) kpc < 2.5 × 10−6 HS [28]
Solar System 0 . 20 au / 8 kpc < 8× 10−7 D/HS [8, 75]
Supernova monopole radiation ∼ 0 ∼ 200R⊙ . 10
−2 D/HS [65]
Distance indicators in dwarf galaxies . 0.002 . 100R⊙ < 5× 10
−7 D/HS [50]
Relativistic effects in galaxy-clustering . 1 & 200h−1 Mpc . 10−1 D [58]
21 cm intensity mapping + CMB 0.7− 2.5 & 50h−1 Mpc . 10−5 D [55]
CMB ISW-lensing bispectrum . 5 & 40h−1 Mpc . 10−2 D/HS [53, 81]
Matter bispectrum ∼ 0 . 30h−1 Mpc 10−6 . |fR0| . 10
−4 HS [44]
Stacked phase-space distribution 0.2− 0.4 (1− 20)h−1 Mpc . (10−6 − 10−5) HS [47]
Galaxy infall kinematics 0.25 (0.5− 30)h−1 Mpc . (10−5 − 10−4) HS [71]
Dwarf galaxies ∼ 0 ∼ 1 kpc . 10−7 D/HS [41, 61]
When cross correlating the ISW effect with foreground
galaxies, the linear contribution of the temperature field
yields an anti-correlation for strong modifications, which
can be used to tighten constraints on |fR0| by about a fac-
tor of 5 [30, 32]. With the improved measurement of the
high angular multipoles, especially by the Planck mis-
sion, it has also become possible to constrain |fR0| with
CMB lensing, tightening constraints by almost one order
of magnitude over the galaxy-ISW bounds [60, 66, 68].
Using the galaxy power spectrum measured by Wig-
gleZ, Dossett et al. [79] recently derived a constraint of
10−4 . |fR0| . 2 × 10−1 and |fR0| . 10−5 on the de-
signer model, assuming that the modifications at z ∼ 0.6
are accurately described by linear perturbation theory
up to scales of k = 0.1h Mpc−1 and k = 0.2h Mpc−1,
respectively. Measurements of the galaxy clustering in a
sample of luminous red galaxies (LRG) from the Sloan
Digital Sky Survey (SDSS) combined with the galaxy-
galaxy lensing signal and galaxy velocities obtained from
redshift-space distortions were used by Reyes et al. [31]
to get a measurement of the EG parameter [22] that
provides a robust test of gravity and cancels uncertain-
ties in galaxy bias and the initial amplitude of matter
fluctuations, however, only yielding weak constraints on
|fR0| [32].
The enhanced abundance of massive clusters discussed
in Sec. III D 1 has been used by Schmidt et al. [29], using
Chandra X-ray data, and Ref. [32], using SDSS MaxBCG
clusters, to constrain the Hu-Sawicki (α = 0.5) and the
designer model, respectively, at the level of |fR0| . 10−4.
A prescription for mapping these constraints to differ-
ent values of α in the Hu-Sawicki model was formu-
lated by Ferraro et al. [38]. Similarly, the enhanced
abundance affects the stacking of cluster density profiles,
which furthermore, shows a signature of a matter pile-up
in the infall region due to the late-time enhanced gravi-
tational forces in f(R) gravity. Weak gravitational lens-
ing measurements around maxBCG clusters were used
in Ref. [99] to constrain these effects and place an up-
per bound of |fR0| . 10−3 on the model. Comparable
constraints to the ones inferred from the increased abun-
dance have been estimated by Yamamoto et al. [33] for
redshift-space distortions measured in the LRG sample.
Interesting constraints on modified gravity can also
be obtained using the difference in dynamically inferred
masses to masses inferred from weak lensing discussed in
Sec. III D 4. Refs. [28, 152] constrained modifications of
gravity measuring the dynamical masses of strong lenses
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via their stellar velocity dispersions and using the radii
of Einstein rings to determine the lensing masses in a
sample of elliptical galaxies from the Sloan Lens ACS
(SLACS) survey. In specific, Smith [28] derived an up-
per bound of |fR0| < 2.5× 10−6 on the Hu-Sawicki f(R)
model (α = 0.5), assuming that environmental effects
that may shield gravitational force modifications can be
neglected. Schmidt [97] modelled the enhancement in
the velocity dispersion in f(R) gravity using Eq. (63),
where massive halos recover the results of Newtonian
gravity, and pointed out that this modification is also
reduced for halos which have more massive halos in their
proximity. This mass estimator was used by Wojtak et
al. [45] to constrain modifications of gravity by disentan-
gling the gravitational redshift of the light emitted by
galaxies, which propagates through the cluster and shifts
the observed galaxy centre, from the kinetic Doppler ef-
fect due to galaxy motions, which broadens the observed
velocity distribution. Their measurement is compati-
ble with the f(R) modifications. Recently, Terukina et
al. [77] have combined gas measurements in the Coma
cluster of the X-ray temperature and surface brightness
as well as from the SZ effect with lensing measurements
around the cluster to infer a constraint on f(R) gravity
of |fR0| . 6× 10−5.
Finally, the currently strongest constraints on f(R)
gravity in astronomy are inferred from local and astro-
physical tests of gravity (see Fig. 1). The requirement
on the model to satisfy Solar System constraints and the
consequent interpolation of the chameleon field from this
high-curvature regime to the low curvature on galactic
scales and the environment of the Milky Way, assumed
to be the cosmological background, yields a constraint of
|fR0| < 8 × 10−7 [8, 75]. Note that for the chameleon
models given by Eq. (13), local tests of the equivalence
principle such as conducted by the lunar laser ranging
experiment, Eo¨t-Wash, or the Cassini mission alone only
place weak constraints on the modifications of gravity if
assuming that the scalar field in the galactic background
is in the minimum of its effective potential. This corre-
sponds to assuming that the scalar field in our Galaxy
or the Solar System satisfies the high-curvature solution
discussed in Sec. II A, in which case the chameleon field is
suppressed proportionally to the ratio between the local
and background curvature. Constraints from the condi-
tion of a locally minimised chameleon field can be in-
ferred by requiring that the background scalar field be-
comes smaller than the galactic gravitational potential
within the characteristic scale of the halo, which can be
related to constraints on maximal rotation velocities [8],
or similarly, by modelling the matter distribution of the
Milky Way, solving the resulting scalar field equation,
and tracing the chameleon field from the cosmological
background to the location of the Solar System, where
the high-curvature solution requires it to be shielded [75].
The comparison of shielded and potentially unshielded
distance indicators from tip of the red giant branch stars
and cepheids, respectively, in a sample of unscreened
dwarf galaxies gives a constraint of |fR0| < 5× 10−7 [50].
Another interesting but weaker astrophysical constraint
with an upper bound of |fR0| . 10−2 can furthermore
be inferred from the absence of monopole radiation in
core-collapse supernovae [65].
V. OUTLOOK
With the increasing wealth and quality of observa-
tional data that will be collected with future surveys,
constraints on the gravitational models can be improved
and novel methods for testing scalar-tensor gravity and
chameleon models will become feasible. Prospective con-
straints on f(R) gravity from a variety of observables and
on a wide range of scales have, for instance, been anal-
ysed in Refs. [41, 44, 47, 53, 55, 58, 61, 71, 81]. The pos-
sibility of using relativistic corrections in horizon-scale
galaxy clustering, measured in a multi-tracer analysis to
cancel cosmic variance, for inferring constraints on dark
energy and modified gravity models, has been explored
in Ref. [58], finding a prospective bound of |fR0| . 10−1
on the designer f(R) model. Hall et al. [55] have esti-
mated that the combination of 21 cm mapping and CMB
data will allow to place a constraint on this field ampli-
tude of order 10−5 and a modification of the same order
should also be detectable in the bispectrum of the dark
matter density field [44]. The cross correlation of the
ISW effect with gravitational lensing generates a signa-
ture in the bispectrum of the CMB temperature field.
With enhanced growth at late-times, f(R) gravity sup-
presses the ISW-lensing cross correlation and modifies
the temperature bispectrum. This effect was used by Hu
et al. [53] and Munshi et al. [81] to forecast a constraint
of |fR0| . 10−2 for Planck results.
The enhanced late-time gravitational forces also in-
crease velocities of unshielded objects. Signatures of this
effect have, for instance, been characterised in the ve-
locity power spectrum of dark matter particles [125], for
redshift-space distortions [33, 54, 56, 129], in the stacked
phase-space distribution of dark matter around galaxy
clusters [47, 63], for galaxy infall kinematics [71], as well
as in the spin-up of galactic halos [153] and proposed as
useful test of gravity with expected constraints of the or-
der of |fR0| . (10−6−10−4). Particularly, the differences
between dynamically inferred masses and lensing masses
of unshielded astronomical objects (see Sec. III D 4) and
the equivalence in the shielded case due to environmental
or self-shielding effects have been pointed out as promis-
ing tests of gravity [27]. Zhao et al. [154] quantified the
environmental dependence on the relation between the
dynamical and lensing masses of dark matter halos, us-
ing an indicator for the environment based on distances
to neighbouring halos and divided halos from N -body
simulations into two different samples, which are either
isolated or in high-density environments. They propose
that using their estimator and performing a similar di-
vision in observed galaxy samples could yield a smoking
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gun for modified gravity if a correlation between the en-
vironment and the difference of dynamical and lensing
mass is found.
Dwarf galaxies in low-density environments are objects
of particular interest for the search of chameleon modifi-
cations of gravity and to infer constraints on the model. If
the chameleon field amplitude is larger than the potential
well of the dwarf galaxy and if its environmental density
is low enough that it does not shield it, the chameleon
force enhances the rotation curves of gas with respect to
the self-screened stars, yields a displacement between the
two disk, and furthermore, warps the stellar disk and in-
troduces an asymmetry in its rotation curve [41]. These
signatures can eventually be used to place constraints on
the chameleon modification of the order of the potential
wells of the dwarf galaxies, i.e., |fR0| . 10−7.
Besides the gravitational modifications in the dwarf
galaxies that are expected to be strongest if the galax-
ies reside in voids [27, 41], Martino and Sheth [155] also
pointed out an increase of the abundance of large voids
for attractive extra forces, considering a Yukawa-type
modification of gravity. Li et al. [133] examined this
abundance in N -body simulations of f(R) gravity, con-
firming the result of Ref. [155], also finding that halos are
less screened near voids and that halos in voids are un-
screened. Clampitt et al. [156] then analysed void statis-
tics in chameleon gravity using excursion set theory to
predict the increase in the number density of large voids
and furthermore, used this framework to explore the envi-
ronmental dependence of void properties. Thereby, small
voids in high-density environments were found to be emp-
tier with faster expanding shells, motivating a cluster-
ing analysis of small void tracers in redshift-space as a
discriminating test of gravity. In general, deviations in
void properties due to the modification of gravity are
stronger than in halo properties, which could potentially
yield more powerful tests of gravity with future data than
from constraining deviations in halo statistics.
It is important to note that in order to exploit the
modified gravity effects in these observables for tests of
gravity, in addition to running N -body simulations, ef-
ficient modelling techniques such as based on excursion
set theory or semi-analytic approaches as discussed in
Sec. III need to be further developed to allow for smooth
variations in the model parameter space and to prop-
erly account for parameter degeneracies in the signatures.
These modelling frameworks become even more substan-
tial as the parameter space grows with the additional
degrees of freedom introduced by the modifications of
gravity and emulator approaches become unfeasible.
Ultimately, the techniques described in Sec. III may
potentially be generalised to describe the nonlinear large-
scale structure formed in the full Horndeski theory de-
scribed by Eq. (1). Important advances in this direc-
tion have already been realised. The full linear cosmo-
logical perturbations of the Horndeski theory have been
derived [157] and implemented in a Boltzmann linear
theory solver [158]. Note that the quasistatic pertur-
bations take a relatively simple form and can easily be
determined by the modifications of gravity in the back-
ground. On nonlinear scales, in parallel to the descrip-
tion of the cosmological small-scale structure formed in
the chameleon model, semi-analytic methods have also
been developed for other subclasses of the Horndeski
action such as for the Galileon and symmetron mod-
els [108, 159–161]. Barreira et al. [159] formulated a
spherical collapse model for Galileon models, applying
their results in Ref. [160] to model the halo mass function,
halo bias, and halo model matter power spectrum, and
finding good agreement with the corresponding statis-
tics extracted from the N -body simulations performed
in Ref. [162, 163]. Similarly, Schmidt et al. [164] stud-
ied the spherical collapse model in the Dvali-Gabadadze-
Porrati (DGP) model [165], which reduces to a Galileon
model in the decoupling limit, and used it to determine
halo properties, comparing them to N -body simulations
conducted in Ref. [166]. Note that strong constraints
on DGP and Galileon models have been inferred using a
variety of linear cosmological observations in Refs. [167–
170] and [160, 171, 172], respectively, limiting the impact
of viable deviations from the concordance model on non-
linear scales. Finally, the spherical collapse model, halo
mass function, halo bias, and nonlinear matter power
spectrum has also been analysed for symmetron mod-
els [108, 161], a further subclass of the Horndeski action
(see Sec. II).
While the development of these modelling techniques
is still at an early stage, the success in reproducing
the important features of the modified gravity models
in the nonlinear cosmological structure observed in N -
body simulations of the models promises an application
of these results not just to the Horndeski action. It
may further provide hints for extending generalised linear
cosmological perturbation formalisms such as the effec-
tive field theory of cosmic acceleration [157, 173] or the
PPF framework [174], which both embed the linear per-
turbations of the Horndeski theory, to nonlinear scales.
Similarly, the success of the description of the nonlinear
structure in Galileon and DGP gravity based on these
semi-analytic models may also be shared by massive grav-
ity [175], providing an interesting area of study for future
work.
VI. CONCLUSION
The presence of a chameleon field in our Universe may
modify the gravitational interactions on cluster scales
while recovering general relativity locally. Whereas N -
body simulations provide an essential tool for studying
the effects of the scalar-tensor modification of gravity, es-
pecially in regions where the modification is getting sup-
pressed due to the chameleon mechanism, semi-analytic
modelling techniques become a necessity for the compar-
ison of the theoretical signatures to observational data.
These tests require an efficient interpolation and extrapo-
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lation of the simulated results between different choices of
cosmological parameters and model specifications of the
gravitational theories of interest. Emulator approaches
will not be feasible for this task as the parameter space
grows with the extra degrees of freedom introduced by
the different modified gravity models and the computa-
tional methods need to be generalised accordingly.
This article summarises a range of observable signa-
tures in the nonlinear cosmological structure that are
characteristic for the chameleon modification. It reviews
and compares different techniques to model these observ-
ables based onN -body simulations, different phenomeno-
logical formalisms, fitting functions to simulations, ana-
lytical and numerical approximations, the spherical col-
lapse model, excursion set theory, the halo model, and
perturbation theory. Hereby, a particular focus is given
to the well studied Hu-Sawicki and designer models of
f(R) gravity, for which a summary of the current state of
observational constraints is provided and supplemented
with an outlook on prospective constraints and novel
methods for testing the chameleon modifications.
The semi-analytic methods discussed here are still at
an early stage of construction and need to be developed
further. Their success in reproducing the important fea-
tures of the nonlinear cosmological structure observed
in N -body simulations of chameleon f(R) gravity, along
with similar achievements for describing the cosmologi-
cal structure in Galileon and symmetron models, antici-
pates that a generalisation of these modelling techniques
and an application thereof to the full Horndeski theory of
scalar-tensor gravity may be feasible. Hence, at the near-
ing of the 100th anniversary since the formulation of the
foundations of general relativity [176], the study of the
cosmological structure formed in the simplest extension
of the Theory of Gravity, i.e., for scalar-tensor models,
and the observational constraints that can be inferred on
these extensions promise to remain a very interesting and
active field of research.
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